Abstract: This paper deals with implementation of"homotopy perturbation new integral transform (HPNIT) method" to get an approximate series solution of space-and time fractional (STF) (n+1)-dimensional (D) heatand wave-like equations, considering fractional derivative in caputo sense. The HPNIT method is a hybrid method consisting of new integral transform and homotopy perturbation transform method. Six test problems are carried out in order to validate and illustrate the efficiency of HPNIT method. The results are also depicted in graphically for different values of the fractional order. The findings confirms that the computed series solutions converges to the exact solutions. The scheme is found very reliable, effective and efficient powerful technique for solving large set of problems arising in engineering and sciences over the existing methods.
Introduction
Fractional partial differential equations (FPDE) appear more frequently different research fields as well as in engineering applications. A number of applications has been identified in many areas (e.g., in fluid mechanics, viscoelasticity, mathematical biology, life sciences, electrochemistry and physics [1] [2] [3] [4] [5] [6] [7] [8] [9] ) that can be described by models involving fractional PDEs, which are very useful for various real world physical problems. In FPDEs many model are associated with population in the field of ecology, water waves, vibrations of strings or membrane, propagation of sound waves and electromagnetic or the transmission in the cables of electric signals are generally described in terms of wave equations. We consider space-and time fractional (STF) (n + 1)-dimensional (D) heat-like (0 < α ≤ 1) and wave-like (1 < α ≤ 2) diffusion equations: 
+ h(x, y, z),
∂t α is the α−th order Caputo fractional derivative of u with respect to t, u(x, y, z, t) → density of the diffusing material at the point (x, y, z) at time t, and f 1 , f 2 , f 3 diffusion coefficients for u at the point (x, y, z), h a smooth function. If h = 0, and diffusion coefficients are independent of the density (i.e., f 1 = f 2 = f 3 = σ 2 , a constant) and β = 2, then Eq. (1) reduces to time-fractional heat (0 < α ≤ 1) ( or wave To describe processes exhibiting diffusive-like behavior, it is also applicable, e.g., diffusion of alleles in a population in population genetics. The fractional order diffusion equation (1) has been applied in modeling to describe practical sub-diffusive problems in fluid flow process, finance [10] . In one dimensional case, the fundamental solution was computed first time in [11] , later for multi-dimensional case [12] , and recently in a simpler form [13] . The wave-like model describes many physical problems in different fields of science and engineering such as earthquake stresses [14] and non-homogeneous elastic waves in soils [15] . Most of the cases, it is very difficult to find exact solution behavior of the fractional order differential equations. A great deal of effort has been expanded to develop techniques for the computation of the approximate solution behavior of the fractional differential equations, see [16] [17] [18] [19] . In the past years, the explicit solutions to fractional heat-and wave-like models have been obtained using many analytic techniques. The heat and wave like equations have been studied numerically by using homotopy perturbation Sumudu transform method [20] , Adomian decomposition method by Wazwaz and Gorguis [21] , variational iteration method by Shou and He [22] , homotopy perturbation method by Özis and Agirseven [23] , Reduced differential transform method by Taghizadeh and Noori [24] whereas fractional model of heat-like or wave-like equations have been studied numerically using differential transforms method by Secer [25] , decomposition method by Momani [26] , modified homotopy perturbation method by Jafari and Momani [27] , homotopy analysis method [28, 29] , Variational iteration method by Malliq et al. [30] and Yin et al. [31] , modified homotopy analysis method [32] , Fractional homotopy analysis transforms method by Khader et al. [34] , fractional variational iteration method with He's polynomials by Tang et al. [35] , Homotopy decomposition method (HDM) by Atangana [36] , homotopy analysis fractional sumudu transform method by Pandey et al. [37] , variable separation method by Zhang et al. [38] , Fractional reduced differential transform method [39, 40] .
Kashuri and Fundo [41] projected a new integral transform for solving ordinary and partial differential equations. In this paper my main goal is to compute approximate series solutions of initial value system of STF (n+1)D heat-and wave like equation (1) by implementing semi-analytical method "homotopy perturbation new integral transform (HPNIT)" [42] .
Basic definitions and notations
There are many definitions of fractional derivative [3, 4, 7] , among them, we mention the definition of the Caputo order fractional integration and differentiation, which are used throughout the paper Definition 1. [4, 16] Let µ ∈ R and m ∈ N. A function f :
Some basic properties of the operator D α t are as follows
, and a be a constant, then
It is worth to mention that Caputo fractional derivative deals with traditional initial and boundary conditions in the formulation of the physical problems. For more details on fractional derivatives, one can refer [1] [2] [3] [4] [5] [6] [7] . Let F be the set of functions of exponential order as defined below:
where a given f ∈ F the constant M must be finite while k 1 , k 2 may be finite or infinite.
Definition 4. The new integral transform
The following are some properties of new integral transform Theorem 1. [45] (a) The new integral transform of 
For more details on the properties of new integral transform, we refer the readers to [41] [42] [43] .
Homotopy Perturbation New integral transform (HPNIT) method
Consider the following initial value system of fractional PDEs
where D α t u Caputo-fractional derivative of u, L →linear operator and N →nonlinear operator and g(x, t) → smooth functions.
The new integral transform on (6) yields
On using Theorem 1(a), we get
Inverse new integral transform on (8) yields
where
}︀ is due to initial conditions & source terms. Now, homotopy of equation (9) is constructed as follows
Let the basic solution of (10) is considered as
and Eqn. (11) decomposed the nonlinear term N(u(x, t)) as follows
)︀ is referred to as He's polynomial [8] . On using (11) and (12), Eq. (10) is reduced to
Now, on comparing the like powers of p on both side in (13), we get
Now, the approximate analytical solution u(x, t) of Eq.(6) is correspond to p → 1, that is,
It is worth to mention that the solution as approximated in (15) converges to the exact solution, see [16] and the reference therein.
Numerical results and discussion
This section deals with the main goal of the paper is to present numerical study of six test problems of STF (n + 1)D heat-and wave-like diffusion equations to validate the reliability and efficiency of HPNIT method.
STF (n + 1) heat-like equation
New integral transform on Eq. (16) yields
The inverse new integral transform on Eq. (17) yields the following
The Homotopy of equation (18) with basic solution (11) yields
On comparing the coefficients of like powers of p ℓ on both sides of (19), we get
The solution of the relation (20) is obtained as follows
Hence, the series solutions of Eq. (16) is given as
which is the required approximate solution of (16) . As β → 2, the solution (22) of the problem (16) reduces to
, for α, > 0 denotes the Mittag-le er function with two parameters [7] , and it is worth to notice that E 1,1 (z) = e z .
The solution (23) is same as obtained by using ADM [26] , VIM [30] , DTM [25] , Fractional homotopy analysis transform method (FHATM) [34] , variable separation method [38] , FRDTM [39] . Moreover, for α → 1, β → 2, the solution (23) is the closed form of u(x, t) = x 2 exp (t), which is the exact solution of (1 + 1)D classical heat-like diffusion equation and it is in complete agreement with the result obtained by RDTM [24] and ADM [26] . The approximate concentration of classical heat-like equation associated with equation (16) in domain x ∈ (0, 1) is depicted in Figure 1 (a). 
Similar to the previous problem, the homotopy equation to Problem (24) with basic solution (11) yields
On comparing the coefficients of like powers of p ℓ on both sides of (25), we get
The solution of the relation (26) is obtained as follows
Thus, the solution of STF (2 + 1)D diffusion equation (24) is
The solution (28) is same as obtained by using ADM [26] , VIM [30] , DTM [25] , variable separation method [38] , FRDTM [39] and HDM [36] . Moreover, for α → 1, β → 2, solution (28) reduces to u(x, y, t) = e −2t sin x sin y (29) which is the exact solution of (2 + 1)D classical heat-like diffusion equation, which agreed well with the approximate solution obtained by RDTM [24] , ADM [26] . Plots of the concentrations of time-fractional (TF) (2+1)D equation (24) Table 2 . The above findings confirms that the computed results agreed well with the results obtained by earlier schemes and approaches towards the exact results. 
Similar to the previous problem, the homotopy equation to Problem (30) with basic solution (11) yields
On comparing the coefficients of like powers of p ℓ on both sides of (31), we get
The solution of the relation (32) is obtained as follows
Thus, the solution of STF (2 + 1) D heat-like diffusion equation (30) is
As β → 2, the above solution reduces to
which is same solution as obtained by using various schemes: ADM [26] , FHATM [34] , LHAM [33] , and FRDTM [39] . In particular, for α = 1, β = 2, solution (33) reduces to
which is the closed form of the exact solution u(x, y, t) = x 2 sinh(t) + y 2 cosh(t) which is same as in [26] . Plots Table 3 . Hence, the computed solutions agreed well with the solutions obtained by earlier schemes and approaches towards the exact results.
Example 4. Consider STF (3 + 1)D inhomogeneous heat-like diffusion equation:
subject to 'zero' initial concentration as u(x, y, z, 0) = 0. In view of (13), the homotopy equation for the problem (36) is obtained as follows
+ pK
On comparing the coefficients of like powers of p ℓ on both sides of (43), we get
The solution of the relation (44) is obtained as follows
Thus, theTherefore the solution for Eq. (36) is
In particular for β → 2, the solution (39) of the problem (36) reduces to
This solution is same as the analytical solution is obtained by using ADM [26] , VIM [30] , FHATM [34] , HDM [36] , FRDTM [39] . Furthermore for α → 1, Eq. (40) of (3 + 1)D classical heat-like diffusion equation, which is same as obtained by using ADM [26] and RDTM [24] . Plots of approximate solution behavior of equation (36) for different values of α, β, and the comparison between exact and approximate solutions for associated classical wave-like equation, at t = 1 for x = y = z = 1, is depicted in Figure 4 (b) while the approximate solutions of (36), in computational domain (0, 1) for different time intervals t ∈ (0, 1), is depicted for different values of α, β in Figure 4(a,c,d ). Sixth-order approximate solution of (41) for different α, β, and the absolute errors for α = β = 2 is reported in Table 4 for time interval (0, 1) and x, y ∈ (0, 1), z = 0.02. Hence, the computed solutions agreed well with the solutions obtained by earlier schemes and approaches towards the exact results. Table 4 : Sixth-order approximate solution of (30) for different α, β, and the absolute error (E abs ) for α = 1, β = 2 
Inverse new integral transform of new integral transform of (41) yields
In view of (13), the homotopy equation for the problem (42) is obtained as follows
Thus, the solution of the problem (41),
In particular for β → 2, solution (45) reduces to This solution is same as the analytical solution is obtained by using DTM [25] , ADM [26] , modified HPM [27] , VIM [31] , modified HAM [32] and FHATM [34] . In particular, for α = 1, β = 2, we get 
which is solution of classical wave equation, same solution is obtained by [24, 26] . Hence, the computed solutions agreed well with the solutions obtained by earlier schemes and approaches towards the exact results. In Figure 4 (b), plots of solution behavior STF (1 + 1)D equation (41) for different values of α, β, and the comparison between exact and approximate solution behaviors for the associated classical wave-like equation at t = 1 for x = 1 are depicted while the approximate solutions of the STF diffusion equation (41), for different time intervals t ∈ (0, 1) in in domain x ∈ (0, 1), has been depicted for different values of α, β in Figure  4(a,c,d ). Sixth-order approximate solution of (41) for different α, β, and the absolute error (E abs ) for α = β = 2 is reported in Table 5 for time interval (0, 1) in computational domain x ∈ (0, 1). 
Similar to Problem (5), the recurrence relation from the homotopy equation for the problem (48) is obtained as follows
The solution of the relation (49) is obtained as follows
Thus, the solution of the problem (48),
In particular for β → 2, the solution (50) reduces to
}︂
This solution is same as the analytical solution obtained by using VIM [30, 31] , modified HAM [32] and LHAM [33] . In particular for β → 2, the series solutions of Eq. (48) [24] . The approximate solutions of the STF diffusion equation (48) Figure 6 (b). Sixth-order approximate solution of (48) for different α, β, and the absolute error for α = β = 2 is reported in Table 6 for time interval (0, 1) in x, y ∈ (0, 1). 
Conclusion
This paper present an approximate analytical solution of space and time fractional (n + 1) dimensional heatand wave-like (in)homogeneous diffusions equations, obtained by a semi-analytical method: homotopy perturbation new integral transform (HPNIT) method. The computed solutions are obtained in terms of an infinite power series with appropriate initial condition. The proposed approximate solutions are obtained without any discretization or any other restrictive conditions.
